A quasilinearization technique for the analysis of human gait  by Roth, Robert S.
A QUASILINEARIZATION TECHNIQUE FOR THE ANALYSIS OF 
HUMAN GAIT 
Robert S. Roth 
Charles Stark Draper Laboratory 
Cambridge, Massachusetts 02139.. 
Abstract. A mathematical model for human gait has been constructed as a 
double compound pendulum representing the thigh and the shank of the leg. 
A Lagrangian formulation establishes the motion which is governed by a 
set of coupled nonlinear differential equations in the two angular vari- 
ables. Using the Quasilinear technique, a method for determining the 
joint torques from observed data is presented. 
~,,:;y;:,f”,:; nonlinear differential equations. 
I NTRODUCTI ON 
Much interest has been lately given to the 
mechanical analysis of the motion of human 
gait. In particular, Lee and Mansour (1984) 
considered a linear approximation to the 
swing leg motion during gait. Bresler and 
Frankel (1950) measured foot-floor reaction 
to determine forces and moments while Hardt 
(1978) was concerned with determining indi- 
vidual muscle forces during normal walking. 
In this paper, we shall consider modelling 
the nonlinear dynamics of simple gait show- 
ing in particular the power of quasili- 
nearization in numerical computation. The 
model is that of a double compound pendulum 
having many applications ranging from the 
motion of mechanical parts in an oscillat- 
ing system to the motion of the thigh/shank 
in the analysis of human gait. In this lat- 
ter application, the determination of the 
joint torques is of major interest. 
The problem we wish to consider is the 
determination of the joint torques in a 
double compound pendulum if we observe the 
angular displacement of the pendulum over a 
finite length of time. Even more interest- 
ing is the problem of determining the joint 
torques if we observe the trajectory of the 
terminal point of the pendulum. Such a 
technique would reduce the necessity of 
foot-floor measurements. Quasilinearization 
plays a central role in this analysis and 
allows one to treat experimentally observed 
data and design data in the same manner . 
Knowledge of joint torques from terminal 
observation is very useful in designing 
prosthetic devices. 
THE PHYSICAL PROBLEM 
Consider the leg ,modelled as a double com- 
pound pendulum ,as shown in figure 1. 
The double compound pendulum consists of 
masses m, and m, located at distances d, 
and d, from points A and B. Mass m,, hav- 
ing a moment of inertia I,, is allowed to 
swing thru angle 13~ while mass mar having 
a moment of inertia I,, swings around angle 
ftz The pendulum is given a torque 
point 
T, at 
A while point B sustains a zero sum 
torque affecting both arms of the pendulum. 
In’ this paper both torques T, and T, are 
considered constant. Our problem is to 
determine both torques from the observed 
data B,(t) and B,(t) for O<t<T. We 
place no restriction on the angular dis- 
placements for we wish to have an identifi- 
cation technique which is accurate in the 
nonlinear range of the problem. 
THE NONLINEAR EQUATIONS OF MOTION 
The total kinetic energy of the double com- 
pound pendulum can be written immediately 
as, 
.2 .2 .2 .2 
T = (l/2) (I e + I 8 + (m (x + y ) 
11 22 11 1 
.2 .2 (1) 
+ (m (x + y )). 
22 2 
Because of the applications we have in 
mind, the masses are allowed to be placed 
at a given distance along the lengths . 
The potential energy or the work done 
against the force of gravity is given as, 
V = m g (1 - co&I 1 + m g(1 (1 - case 1 
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where g is the acceleration due to gravity. 
The geometrical constraints of the system 
can be derived directly from figure (1). 
The set of coupled nonlinear differential 
equations governing the motion of a double 
compound pendulum can be derived from the 
Euler - Lagrange equations. They are, 
Figure 1. The Double Compound Pendulum 
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where the parameters are known functions of 
the geometry. 
Generally, if we are given the initial con- 
ditions and the joint torques! T, and T, 
the full motion of the leg swing can be 
computed over any time interval. 
THE IDENTIFICATION PROBLEM 
This paper is chiefly concerned with solv- 
ing the inverse problem for the leq swing 
using quasilinear techniques as a numerical 
tool. We shall assume that the initial 
conditions 8?(O) and 8,(O), and their angu- 
lar velocities are known and we have 
observed the angular displacements 8,(t) 
and 8,(t) over a finite time interval, 
(0,T). We seek to determine the constant 
joint torques T, and T, which are con- 
sistent with the observations. That is, if 
T, and T, were used in a numerical sol- 
ution of (3), the results would best fit 
the observed angular displacements in a 
least squares sense. 
THE QUASILINEAR TECHNIQUE 
The quasilinear technique (Bellman and 
Roth,1983) seeks to solve a nonlinear dif- 
ferential equation by constructing a 
sequence of quasilinear solutions which 
converge to the solution of the original 
nonlinear equation. Each quasilinear sol- 
ution is determined numerically from a qua- 
silinear differential equation which must 
be derived from the original problem. 
Consider the nonlinear problem as a first 
order system of differential equations. 
Thus, 
. 
u = G(u,t) (4) 
where u is an m-th dimensional vector and 
G(u,t) represents the nonlinear forcing 
term. The quasilinear technique introduces 
sequence of 
defined by a 
vector solutions each 
quasilinear diffeiential 
equation given by, 
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A careful examination of (5) reveals that 
it is a linear differential equation . As 
such, the solution can be written as the 
sum of a particular solution and m 
neous solutions. 
homoge- 
The (n+l)st solution can 
, therefore, be expressed as, 
(n+l) 
U (t) = 
where p(t) is 
m 
p(t) + P a h (t). (6) 
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the vector solution of (5) 
with zero initial conditions. The m homo- 
geneous solutions are the solutions to the 
homogeneous form of (5) with the initial 
conditions, 
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The particular choice of initial conditions 
for the particular solution and the m homo- 
geneous solutions allows us to compute 
these basic functions numerically independ- 
ent of the initial conditions of the 
lem. In 
prob- 
fact, comparing the form of the 
solution (6) with the initial conditions 
(7) reveal that because of this 
selection, the coefficients of (6) are the 
initial conditions of the problem. 
THE SYSTEM PARAMETERS 
In many cases involving identification 
problems, the unknown is not an initial 
condition, but rather a set of system 
parameters, this being the case for the 
current problem. Let us write the original 
nonlinear differential equation (3) as, 
. 
u = G(u,T ,T ) (8) 
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where both T, and T, are the unknown con- 
stant torques. We may ,however, consider 
these constants to be functions of time 
satisfying the trivial differential 
equation. Thus we may write (8) in the 
form, 
. 
u = G(u,T ,T ) , u(0) = a 
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Thus we have converted the unknown system 
parameters into unknown initial conditions. 
The penalty we pay is, of course, that we 
have to carry two additional equations in 
our system. 
DETERMINATION OF THE TORQUES 
If we combine 
with 
the quasilinear technique 
the conversion of the system parame- 
ters to initial conditions, we can define 
method for determining the unknown tor- 
&es occurring in the 
problem. Consider 
compound pendulum 
the nonlinear set of 
equations (7). These can be easily con- 
verted to the form (4) by setting , 
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e, = u, 
6, = u, 
T, = u, 
T, = “, , 
derive the quasilinear equations 
iEfiz:i in (5). We can immediately compute 
and save one vector particular solution and 
six homogeneous solutions. Because of the 
linearity of the solution, for any iter- 
ation n, 
(n+ 
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+ a h (t) + c h (t)+ c h (t). 
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Because of the choice of initial condi- __. tions, 
the 
tne coerricients a,, . . . 
known initial conditions of ;he 
a, are 
while c, and c, 
system 
represent the unknown 
joint torques. Hence for each iteration, 
(10) ;;vl’;’ written in vector form as, 
U (t) = f(t) + c h +ch , (11) 
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where the only unknowns are the constants 
and c, 
Eioblem, 
Because of the definition of the 
the first componant of the vector 
defined in (11) is 8, and the second is 8, 
We now ask for the values of c, 
which will 
and c, 
minimize the error between the 
observed angular displacement and the n-th 
iteration, that is, find c, 
minimize the functional, 
and c, to 
/ Tte 
(n+l) 2 (n+l) 2 
- u )+(8 - u ) )dt 
0 1 1 2 2 
(12) 
Minimizing (12) yields new approximate 
values for the constants c, and c, and 
therefore the torques T, and T,. 
Once the approximate torques are computed, 
the full vector approximate solution can be 
constructed using (11). This new vector 
solution is then used in the next iter- 
ation. The process continues until the val- 
ues of the two torques converge and the 
angular displacement agrees with the 
observed data. 
CONCLUSIONS 
In human gait, for example, terminal obser- 
vat ion can be considered the motion of the 
ankle during free swing. Because of the 
physiological constraints of the problem, 
terminal observations can be directly con- 
verted to angular displacements from which 
the joint torques can be estimated. The 
technique of quasilinearization demon- 
strates how direct observation can be used 
to determine the unobserved torques occur- 
ring during gait. 
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taken in selecting the first approximation. 
A numerical example is given in Roth 
(1956). 
